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air/fluid mass elements. This is not a correct interpretation because
(x,y,2) are the coordinates of the mass element and their time
derivatives should be the velocity of the fluid mass at inlet and the
outlet.

To conclude, there is no need to treat the air-breathing engine
separately by including m terms. lts effect is completely accounted
for by, using the thrust attributable to the engine [which is equal to
—m(R 4+ p)] for computing components of external force and torque
to be used on the right-hand side of equations of motion given in
Tables 1 and 2 of Ref. 1.
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Introduction

N our paper,’ a Lagrangian approach is used to determine the

dynamics of rigid-body motion, elastic deformation, fluid flow,
rotating machinery, wind, and a spherical rotating Earth model and
to account for their mutual interactions. The preceding Technical
Comment claims that the terms containing mass flow rates in the
equations of motion of Ref. 1 are erroneous and presents an analysis
using a Newtonian approach to support this claim. We stand by the
equations of motion presented in Ref. 1 and note that the claim
and many other statements made in the Technical Comment arise
primarily from a misinterpretation of certain velocity terms.
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Using a Newtonian approach, Meriam? gives a derivation of force
and moment equations for variable-mass systems. For the case
where the mass of the system is distributed over a finite volume
and the system may have any general motion, the force equation is
given by Eq. (173) of Ref. 2, reproduced as follows:
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Equation (1) is written in the nomenclature of Ref. 2; using the
nomenclature of Ref. 1, this equation is written as
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Noting that m = gy, E(,I,cn =R+ Fopen> and expanding the last
term on the right-hand side of Eq. (2) results in

mg +FA + Aopcn(P - Poo)ﬁopcn

=mR —mpiaV 0 — 2MguiaFopen — HiwiaT open 3)

Received Sept. 18, 1995; revision received Nov. 15, 1995; accepted for
publication Jan. 19, 1996. Copyright © 1996 by Karl D. Bilimoria and
David K. Schmidt. Published by the American Institute of Aeronautics and
Astronautics, Inc., with permission.

*Research Scientist, Aerospace Research Center; currently Research Spe-
cialist, Sterling Federal Systems Group, NASA Ames Division, Mail Stop
262-3, Moffett Field, CA 94035. Associate Fellow AIAA.

TProfessor and Director, Flight Dynamics and Control Laboratory, De-
partment of Aerospace Engineering. Associate Fellow AIAA.

TECHNICAL COMMENTS 1199

Noting that the time derivatives of R and Topen are evaluated in the
inertial frame, that V; = (dR/dr)|;, and that fluid flow takes place
through several openings in the vehicle, one obtains
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Using the definition of ¥ given by Eq. (35) of Ref. 1 and applying
Eq. (1) of Ref. 1 t0 Fypen, Eq. (4) can be written as
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Equation (5) is the same as Eq. (41) of Ref. I, which was indepen-
dently developed using a Lagrangian approach. The left-hand side
of this equation can be expanded as described in Ref. 1; the result-
ing vector force equation can be written as the three scalar force
equations presented in Table 1 of Ref. 1.

Similarly, starting from the vector moment equation given by
Eq. (174) of Ref. 2, we obtain Eq. (46) of Ref. 1, which in turn leads
to the three scalar moment equations presented in Table 2 of Ref. 1.

Reference 1 defines the quantity #qpeq as the average location of an
opening (inlet or outlet) in the vehicle, relative to the origin of the
body frame (vehicle center of mass). The time derivative of Fopen
evaluated in the body frame, (d Fopen/df)|p, is the velocity of the
opening relative to the body frame; this term arises from elastic
motion of the vehicle, and from changes in vehicle c.m. location
because of fuel consumption. The body axes scalar components of
the vector (dFqpen/d?)|p for inlets and outlets are (Xin, Yin, Zin) and
(Xout> Yout> Zout), respectively. It is emphasized that these quantities
represent velocities because of the elastic motion of the vehicle mass
elements at openings and changes in vehicle c.m. location because
of fuel consumption; they are not velocities of fluid mass elements
at openings.

As defined in Ref. 1, the velocity of fluid mass elements relative
to an opening is Vy. It is noted that this velocity only appears
implicitly in the force and moment equations presented in Ref. 1
through the thrust terms Fr and My defined in Egs. (35) and (38),
respectively, of Ref. 1.

There is no anomaly indicated by the observation that terms con-
taining #1p,q Will disappearif the originis taken at an opening. Refer-
ence 1 defines the origin of the body frame at the instantaneous mass
center of the vehicle. Also, Ref. 2 states that “the linear momentum
of a time-varying mass depends on the location with respect to the
mass center of the position where mass is added (or subtracted).”

In the development of the point-mass model, the explicitly ap-
pearing fluid flow terms in the force equation [see Eq. (5)] have
been dropped. The primary contribution of these terms results from
the vehicle angular velocity @ ;, which is not defined in the point-
mass model; the secondary contributions resulting from elastic ef-
fects, changes in vehicle c.m. location because of fuel consumption,
and unsteady mass flow effects have been neglected. The mass flow
rate term implicit in the thrust force F7 has, of course, been retained.

Finally, the corrected force and moment equations derived in the
Technical Comment [Eqgs. (10) and (11)] are themselves erroneous.
For a variable mass system, the resultant of external forces/moments
is not just equal to the time rate of change of linear/angular mo-
mentum as stated [see Eq. (2) and an unnumbered equation pre-
ceding Eq. (3)] in the Technical Comment. The resultant of ex-
ternal forces/moments equals the time rate of change of the lin-
ear/angular momentum of the varying mass minus the rate at which
linear/angular momentum is being changed by the mass elements
entering and leaving the system; see Eqs. (171) and (174) of Ref. 2.
This principle is also used in the derivation of the Navier—Stokes
equations,” which are based on conservation of momentum and are
consistent with Newton’s laws.
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In conclusion, we stand by our development of the equations
of motion, and therefore no changes or corrections to Ref. 1 are
warranted at this time.
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E QUATIONS (17-21) should be corrected as follows:
Equation (17) should read
dy (1) = y(t) — yL ()
The first and third of Egs. (18) should read

_ Dy ()1 + L (s)]1L(s) R(s)
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The first of Egs. (19) should read
¢ Flisem = (g +n = 14+4"]
The first of Egs. (20) should read
—q”" >n—1+g4g"

The statement following Egs. (20) should read as follows:

If g7 > n—1+¢g%, then a necessary and sufficient condition for
the signal D, in the stable system of Fig. 4 to produce zero steady-
state error is gPn < —g®n. Taking the conservative gP = ~q'n,
Eqs. (20) become

gt" >n—144¢" (21a)
gt > q® —1 (21b)



